Propagation of high-frequency electromagnetic waves through a magnetized plasma in curved space-time. I I.t Application of the asymptotic approximation B y R. A. B r e u e r a n d J. E h l e r s Max-Planck-institut fur Physik und Fdhringer Ring 6, D8 Miinchen {Communicated by R. Penrose, F.R.8. -Received 12 May 1980) This is the second of two papers on the propagation of high-frequency electromagnetic waves through an inhomogeneous, non-stationary plasma in curved space-time. By applying the general two-scale W.K.B. method developed in part I to the basic wave equation, derived also in that paper, we here obtain the dispersion relation, the rays, the polariza tion states and the transport laws for the amplitudes of these waves. In an unmagnetized plasma the transport preserves the helicity and the eccentricity of the polarization state along each ray; the axes of the polarization ellipse rotate along a ray, relative to quasiparallely displaced directions, at a rate determined by the vorticity of the electron fluid; and the norm of the amplitude changes according to a conservation law which can be interpreted as the constancy of the number of quasiphotons. In a magnetized plasma the polarization state changes differently for ordinary and extraordinary waves, according to the angle between the wavenormal and the background magnetic field, and under specified approxi mation conditions the direction of polarization of linearly polarized waves undergoes a generalized Faraday rotation.
I n t r o d u c t io n
The observed phenomenon of X-rays emanating from matter which accretes onto neutron stars within compact binary systems has posed the problem of electro magnetic high-frequency waves propagating through the magnetosphere of the neutron star which is filled with the accreting plasma (Meszaros 1978) or a selfmagnetized accretion disk around a black hole (Meszaros et al. 1977) . Similar pro cesses will occur in other more catastrophic events, for example those in the early universe just before decoupling time, in quasars if we assume an accretion scenario around a super-massive black hole, and also in the late stage of a collapsing star. There, in fact, the production and dispersion of gravitational waves may also play an important role. In this second paper on the propagation of electromagnetic waves through a magnetized plasma in some arbitrary space-time we will not deal with gravitational T>abA b\ = {hacudVd{Vbc -8bcVee) +
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This is a constraint-free homogeneous linear system of three partial ^differential equations of order three for the three unknown spatial components of In (1.13) we used the notation
In paper I we proved existence, uniqueness and linearization stability of solutions of the Cauchy problem for the background system and the perturbed system. In addition we adapted the W.K.B. method for the construction of oscillatory asymptotic solutions to systems such as (1.13) and stated a sufficient condition for asymptotic solutions of finite order to be, in fact, approximate solutions of the respective systems. By these theorems the approximation scheme to follow has been put on a firm basis.
In this paper we shall apply the method to (1.13) and thus study the propagation of high-frequency electromagnetic waves through plasmas embedded in (possibly) strong gravitational fields, emphasizing those properties which arise from inhomo geneities of the plasma and the background electromagnetic and gravitational fields.
The plan of this paper is as follows. In § 2 the two-timing method is employed to reformulate (1.13). In §3 we study in detail the rays associated with the ordinary and extraordinary waves, and the phase-propagation along them. In §4 we deter mine the polarization states of these waves. Then, in § 5, we set up the transport equations for the lowest-order amplitudes of the waves and consider their implica tions for the propagation of polarization states and wave intensities. In particular, we generalize the elementary treatment of Faraday rotation to non-stationary, inhomogeneous backgrounds. We summarize our results and state some problems in the final § 6. Appendix A deals with the role of gauge conditions in asymptotic expansions, and in Appendix B we define a quasiparallel transport of vectors which is needed to interpret the transport of polarization vectors along rays in curved space-times. The notation is as in paper I and follows Misner et al. (1973) . 2
A TWO-SCALE METHOD
According to a theorem of paper I, the perturbation equation (1.13) has, in particular, solutions which are approximately plane and monochromatic on a scale A much smaller than the one, say L, on which the background quantities vary; appropriate initial conditions determine such waves. By means of the method described in paper I, §4 it should be possible to approximate such short-wave solutions by asymptotic series, provided the small scale-ratio e: = is intro duced into (1.13) suitably. The amplitudes A a have to be chosen so small that the linear approximation disn cussed in paper I is valid.
The method of paper I, § 4 can be applied to (2.5) in two distinct ways: (a) One considers the background scale L as fixed and takes the limit A -> 0.
In this case it is reasonable to put AwLaft = eLo)hab, Awp = and to treat Lo)hab, Lmp as e-independent, bounded functions like the other coeffi cients of the operator in (2.5). All terms of (2.5) then contain the factor e3 which therefore can be dropped. In this case it is convenient to choose L as the unit of length, L -1, so that e = A.
(b) One chooses a fixed wavelength scale A and takes -> oo. Then it is reason able to consider \v)Lab and Awp as bounded, e-independent coefficients in (2.5). The operator then contains different powers of e. In this case it is convenient to take A as the unit of length, A = 1, so that L~x = e, and to work with Da.
Both methods are based on the smallness of the scale-ratio e, and both use the concepts of geometrical optics -rays and phase-hypersurfaces (wavefronts) -as the tools by means of which approximate periodic waves are constructed. The difference between the two methods resides in their domains of validity: In version (a) one approximates the wave in a given domain with a fixed inhomogeneity such that the error decreases with decreasing wavelength. In version (b) one keeps a specified wavelength range and improves the approximation by shifting the space-time domain towards regions of smaller inhomogeneity. In accordance with this, in (b) the influence of matter on the wave (for example, dispersion) is taken into account already in the lowest approximation. This is not the case in version (a).
In reality the values of L, A, (oab etc. are, of course, given physics; the 'limit process' e-> 0 is a formal device only. In o order-of-magnitude assignment corresponds roughly to the actual numerical values, one has to have (with coT: (6), i.e. the numbers will determine whether method (a) or (6) is more appropriate. A rigorous comparison of the methods requires error estimates which, unfortunately, appear to be unknown for most cases of physical interest. Having obtained (2.5) and decided to use alternative (6), we can now apply the method of paper I, §2. There is one formal difference, however: in (2.5) the co variant derivative operators Da do not commute and, if written in coordinate language, contain first-order and zero-order terms. Nevertheless, it is easy to check that the method generalizes without any substantial change to the case where the 0O = 0/6#® are replaced by Dffl as defined in (2.2). In fact, the local theory can be globalized and reformulated in invariant, geometric language (Duistermaat 1974). In particular, it does not matter whether one uses, in * M, canonical coordinates (xa, la) or any other coordinates.
For the lowest-order steps, the ordering of the operators Dtt, which in general is relevant because of curvature, does not matter. This is obvious from (2.5) and (2.6): in zero order no derivatives are involved, in first order only one derivative appears. Hence for the first two steps one could equally well work in flat space-time and later use the principle of ' minimal coupling ', replacing partial by covariant deriva tives, thus obtaining the same results. Only for the third and higher-order steps is the curved-space treatment necessary to obtain the correct forms of the functions appearing as ' source terms ' in the transport equations.
We note how one obtains the electric and magnetic fields from the potential. By i.e. io)Aa is the complex amplitude of the lowest-order electric field of the wave. Correspondingly, the magnetic field is given by
In Appendix A it is shown that if the field strength admits an asymptotic expansion analogous to (2.6), then because of (1.6) there exists a potential of the form (2.6) which obeys the Landau gauge condition (2.7), and for given and S the amplitudes A a are then uniquely determined, in accordance with the preceding n remark about ia>Aa. o on in plasmas in curved space-time. I I 71
D ispersion relation, eiconal equation and rays
We now apply the two-scale method to (2.5), using version of § 2 -following closely the exposition of the method of paper I, §4. We insert the asymptotic expansion (2.6) and take, formally, the limit e -* 0, which yields
is the wave three-vector in the local rest frames of the background plasma, so that la -ka + (oua, (3.2) In (3.1), and subsequently, we drop the caret on the potential A a. ear homogeneous polarization condition for the lowest-order amplitude. Henceforth, we always restrict our attention to the cases where ^ 0, co # 0 and a» 2 ^ Wp. To simplify the polarization condition we decompose A a into o longitudinal and transverse parts with respect to the wave two-surfaces, by intro ducing the unit normal vector na and the transverse projector p ab:
The 'longitudinal p a rt' of (3.1) then gives v via (3.5) , from (3.1), the 'transverse p a rt' of (3.1), obtained o by projecting with p ab, reads In the absence of a magnetic field and except at the plasma frequency (3.8) reduces to the well known dispersion relation = (a> 2 + k2)l These functions depend strongly on a and obey |F±| < 1.
The three terms in (3.11) satisfy, under the condition (3.13), the inequality to2 > a>p > a> 2 (coh/oj)F±.The vacuum term dominates the isotropic plasma te which, in turn, is larger than the anisotropic magnetic contribution.
It is essential that the approximation (3.14) holds uniformly for all angles a since in curved space-times or in an inhomogeneous plasma there are no plane waves, and in general the angle a will not be constant for a solution of the eiconal equation. In fact, for some astrophysical field configurations a varies over the full range 0 ^ a ^ nalong a single ray. (See, for example, figure 3.) A linearization of F± with respect to (oh/co is not possible uniformly in a.
From (3.11) and (3.14) we obtain the phase veloci (3.15) and, equivalently, the indices of refraction n± = of the two waves. Note that (vp)+ > (vp)-.
Rays
Next we determine the rays along which the amplitudes are transported. Accord ing to §4 of paper I the Hamiltonian H(xa, la), governing the characteristic strips from which the solutions of the eiconal equation can be constructed, can be taken to be the left-hand side of (3.8) with co = -ua(x)la and = kab(x)lalb inserted. If S is an eiconal, H(xa, S b) = 0, then the associated rays are the in the transport vector field T a = dH(xb,S > c)/dla. To calculate T a we introduce, for given background fields ua, an orthonormal frame field E(a) with 2£"0) = ua and EW ith E(a\ the wave-covector has the components = (-klt Computing dH/dla from (3.8) and inserting the approximate solutions (3.11) and (3.14) of the dispersion relation we get 
(ua + v$)l±= -(o + {k-vg)±.

We define the Faraday rotation rate (oF by wF := |e _1($_ -$ +) = b[{k'Vg)_ -(k-Vg)+]
Wave propagation in plasmas in curved . I I and obtain from (3.11), (3.14), and (3.17) cos2 a + j sin4 aj , The interpretation of this angular velocity under the general circumstances con sidered here will be discussed in § 5.
As the preceding considerations indicate, one can calculate the rays in a magnetic plasma very precisely by neglecting the magnetic terms in the canonical equations, and afterwards apply (3.20) to compute the Faraday rotation.
We end this section with some remarks about the rays in an unmagnetized plasma. Then one can take the Hamiltonian H = h « 9 a6U b+ 1) to calculate the characteristic strips and the rays, using the canonical equations together with the constraint H = 0. (It must be remem H(xa, lb), such that H -0 gives the dispersion relation, and dH/dla d on H = 0, can be used as a Hamiltonian.) The form (3.22) of H shows that the rays are the timelike geodesics associated with the metric gab, inverse to (o~2gab, conformal to the basic space-time metric; they are thus also characterized by the (parameterindependent) variational principle
S j ojp( -gabdxadxb)t = 0. (3.23)
Another possibility is to choose the Hamiltonian H' = \{gablalb + and to pass to a Langrian by Legendre transformation. One obtains
L(xa, xb ) = \{gabxaxb-(ol)
to be combined with the constraint gabxaxb = -This method covers also the vacuum case which is excluded, of course, in (3.23).
It is easy to derive, for a stationary space-time occupied by a stationary back ground plasma the worldlines of which are the timelike Killing orbits, a Fermat principle (Pham Mau Quan 1959 , Synge 1964 . If this principle is applied, for example, to the deflexion of radar waves by the combined influence of the Sun's corona and gravitational field, one recognizes that the total effective index of refraction is the product of that due to the plasma and that due to the gravitational field. The latter is given, in lowest weak-field approximation, by Tigrav = 1 -2 x (Newtonian potential).
(see, for example, Fock i 960.) More details and generalizations to magnetized plas mas will be published separately. 
P o l a r iz a t io n s t a t e s a n d F a r a d a y r o t a t io n
If there is no magnetic field (3.9) holds, and because of ( 3.5) Thus for high frequencies the amplitude is always very nearly transverse, as is well known. The information contained in (4.4), (4.5) and (3.14) is summarized in figure 2.
As figure 2 and (4.4) show, the waves are almost circularly polarized except for the very narrow range of angles given by cos2 a < (to|/4to2) sin4 a, i.e. ti nearly orthogonal to g)l , in which there is elliptic and, for n ±(oL, linear polarization. It is nevertheless important to have approximations valid for all angles since cc may vary along a single ray over the full range 0 ^ ^ so that the sequence of states indicated in the figure, with a change from right-to left-circular polarization, for example, is realized along one ray.
Transport laws for the amplitudes
Each solution of the dispersion relation (3.8) specifies a class of polarization states via (3.5) and (3.6). The data needed to determine a particular amplitude A a, o within this class, along a ray can be chosen arbitrarily at one point of the ray; they are then determined all along the ray by the transport equation corresponding to the dispersion branch considered. 
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The transport equations for the lowest-order amplitudes result from the terms of order eo f (2.5), once the expansion (2.6) has been inserted. These terms giv
where L ab is the tensor defined in (3.1) and L ab is the following first-order differential
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Here we have put Let {Rxa)± be arbitrary, but fixed, non-vanishing solutions of the polarization For amplitudes corresponding to (nearly) circular polarization this equation con tains, not surprisingly, the same information as (5.4). Thus if in the case (oL ^ 0, those short and rare parts of rays where the waves are not nearly circularly polarized (i.e. where n is perpendicular to ojl ) are excluded, the amplitudes propagate approximately according to the law (5.4). If this result is combined with the ana logous statement concerning rays, the following conclusion emerges: In a magnetized plasma and for high frequencies (w2 > w2 + (o\) the ordinary and the extraordinary waves have rays which are approximately timelike geodesics of gab = (v\gab, and their circularly polarized amplitudes are transported approxi mately according to (5.4). The phases of the ordinary and extraordinary waves, however, change differently along the rays, according to (3.20) .
This statement permits us to generalize the theory of Faraday rotation to an inhomogeneous plasma in curved space-time. If a wave enters a magnetized region of a plasma linearly polarized it leaves that region again linearly polarized. How ever, owing to the different phase speeds of its circularly polarized components in the intervening region and possibly because of the rotation of the electron fluid, the direction of polarization will have changed, relative to quasiparallely transported axes (see Appendix B), by the angle figure 3) will not be treated here, although the tools for studying this case have been pro vided. In principle, though hardly in practice, one could extend the approximation to higher order in e.
Summary and discussion
In this and the preceding paper (Breuer & Ehlers 1980) we have treated the propagation of high-frequency electromagnetic waves through an inhomogeneous, in general non-stationary, moving plasma in a general, curved space-time by means of a J.W.K.B. method adapted to this purpose. The aim was to provide a formal approximation scheme applicable also to similar wave propagation problems and to justify it mathematically. To do this we have kept the plasma model as simple as possible and have focused our attention on the essential mathematical structure and its physical meaning. More complicated, and therefore more realistic, models could, however, be included without major difficulties. (For example, a pressure could be taken into account. In fact, some of the basic arguments become simpler in that case than in the 'degenerate' pressure-free model since the corresponding system of differential equations is then symmetric-hyperbolic in the sense of Friedrichs. The equations, however, become formally even more complicated than they are without a pressure.)
For a two-component, cold (pressureless) plasma we have shown that the Cauchy problem for the magnetohydrodynamic system of differential equations on an arbitrary space-time possesses locally a unique solution for appropriate initial data. Also, this system was shown to be linearization stable at any of its solutions.
These properties of the basic equations imply that the associated evolution equations for linear perturbations also have unique solutions for initial data satisfying the linearly perturbed constraints. Because of the linearization stability of the original system, the sum of a background solution and an 'infinitesimal' perturbation indeed approximates a solution of the full system. Moreover, the wave equation for a suitably gauged four-potential of the electromagnetic field perturbation has locally unique solutions for unconstrained initial data, although it is not strictly hyperbolic.
We can assert that the nth-order field, computed by means of the approximation algorithm applied to the perturbation equation, which is an asymptotic solution of order n in the small parameter e = wavelength of the perturbation-length scale of the background, actually approximates a solution provided the inverse of a certain differential operator (given in (1.13) of paper I) is small in a certain sense. We have not established this property for the operator in question, however; this remains to be done. Using the two-scale perturbation scheme, we obtained the dispersion relation, the rays, the corresponding polarization states and the transport equations for high-frequency electromagnetic waves, and by means of them considered the appropriately generalized Faraday rotation.
An important physical question not discussed in these papers concerns the applicability of the method to high-frequency waves in low-density plasmas when the inequality n~i A does not hold. For densities of typical accretion gas, for example, the method appears to be justified up to optical frequencies (only). It seems that certain properties of X-rays emerging from accretion processes onto compact binaries -to which the theory was aimed at initially -can still be ex plained by means of a formalism which treats the plasma as a continuum even at these wavelengths (see, for example, Chanan et at. 1979) , but a justification of this procedure, to our knowledge, is lacking.
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